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A Proof of Proposition 1

Showing that the allocation described in Proposition 1 is in the constraint set of the planner’s
problem is sufficient since under this allocation total output is equal to the full information
total output level.

Choose 07 (w, 1) for (w,i) # (p, 1) such that:

> Gumidi(w,i) = =(k — p)Gm, (1)
(w,1)#(p,1)
6i(r,1) >k —r, (2)
0> 47 (w,0) > —w, (3)
and
53w, i) = — L@ 1) (4)

By Assumption 2, such a ¢* exists. Observe that conditions (1) and (4) guarantee that
transfers sum to zero in periods one and two, respectively. Thus, aggregate feasibility is
satisfied.

Next, one has to show that non-negative consumption is feasible for each agent under the
proposed allocation. Observe that the NPV of transfers of any agent is equal to zero in this
allocation. In period one, a poor agent with an idea faces the budget ¢; + k; + 51 < k and
chooses ki (p,1) = k. In period two in the low-return state, her consumption is c(p, 1,6;) =
f(k, 91)—% > 0 by assumption. This clearly implies that ca(p, 1,6;,) > 0, too. Condition (2)
guarantees that (7, 1) agent can choose investment equal to k and still consume a non-negative
amount in period one. The consumption levels of agents without ideas are non-negative
in both periods by (3). Obviously, given that they can sustain non-negative consumption
without using the wasteful technology, no agent in the economy sets si(w,i) > 0 in the
constrained efficient allocation.

The only thing left is to check that given 0* agents will tell the truth about their types,
but this is straightforward given that the NPV of transfers of any type is equal to zero.

B Proof of Lemma 2

Observe that A*(p,1) < A implies that §i(p,1) < k — p. If not, then by Assumption 4, we
have ¢4(p,1,6;) < 0, a contradiction. Now I show that when 0;(p,1) < k — p, then incentive
compatibility implies ¢j(p, 1) = s7(p, 1) = 0, and hence, 67 (p, 1) = kj(p, 1) — p. First, suppose



for contradiction that c¢f(p, 1) > 0. That implies k}(p,1) < k. Then, (p, 1) agent can decrease
her consumption by a small amount in the first period and increase her investment by the
same amount. This new allocation increases the welfare of (p, 1) strictly since her investment
level was strictly below k when ¢%(p, 1) > 0, which implies the original allocation cannot be
incentive compatible, a contradiction. By the same logic, si(p, 1) = 0 as well.

Now, suppose that 65(p, 1) > —f(ki(p,1),6,). First, observe that, this implies kj(p, 1) <
k, since if k% (p, 1) = k, then we would have A*(p, 1) = k—p+ B55(p, 1) > k—p—Bf(k,0) =
A, which contradicts with A*(p,1) < A. Second, define a new allocation with transfers
02(p,1) = 0%5(p, 1) — e and &1 (p, 1) = 0%(p, 1) + Be, and do(r, 1) = 65(r, 1) + g—fe and 01 (r,1) =
o5 (r, 1) — g—”ﬁe, and the rest of the transfers remain unchanged. The resulting allocation is
incentive ccr)mpatible and feasible since the NPV of transfers is unchanged for all agents. For
agents (w,1) # (p, 1), welfare is unchanged. To see the change in (p, 1)’s welfare first observe
that being investment constrained in the first period, (p, 1) will use all of the extra fe units
of period one transfers for investment. This, then, changes her welfare by

Sld (i EYI+ 1 —m)] = . >0,
Gain in pd. 2 Loss in pd. 2

since k}(p, 1) < k. This means the new allocation improves over the constrained efficient one,
implying a contradiction.

C Proof of Proposition 3

Suppose for contradiction that A*(p,1) < 0. Let kj(p,1) = k. Since A*(p,1) < 0 < A,
obviously, k < k. By Lemma 2,

01(p,1) =k —pand 05(p,1) = —f(k, 0))

and A*(p,1) < 0 implies
k—p —Bf(k,0,) <O. (5)

Now, consider a new allocation in which

(51(]7, 1) = ﬂf(kael) and 52(]77 1) = _f<k79l>

and the rest of the transfers are constructed such that NPV of transfers going to all agents
(w,1) # (p, 1) are zero, total transfers sum up to zero every period, and all agents consump-
tion are weakly positive. Observe that under this allocation, NPV of transfers going to (p, 1)
is zero. Therefore, k;(p, 1) < k, since by Assumption 4, in order to make (p,1) invest k, we
need to give her A > 0. Therefore, (p,1) agent will use all of her period one resources to

invest in her business:
ki(p, 1) =p+ Bf(k,0).
Observe that
ki(p, 1) =p+ Bf(k,0) > k,



where the inequality follows from (5). This implies that agent (p,1) has strictly higher welfare.
Some agent will have lower welfare, but since (p,1)’s investment now is closer to the efficient
level, the total change in welfare is strictly positive. Importantly, this new allocation is also
incentive compatible since NPV of transfers going to all are zero. But this means the new
allocation improves over the constrained efficient allocation, a contradiction.

D Proof of Proposition 4

Lemma 2 shows that the higher is the NPV of transfers that the poor agents with ideas
receive the higher is their level of investment, and hence, the closer the society is to full
information efficiency. As a result, the planner’s problem is equivalent to maximizing the
NPV of transfers going to poor agents with ideas subject to non-negativity of consumption
and incentive feasibility. The proof proceeds in 3 steps. First, I show that storage technology
is not used by anyone in the constrained efficient allocation. Second, I show that incentive
compatibility implies that the NPV of transfers going to agents with same 4 type should be
independent of wealth. This implies that all agents with ideas will be receiving the same
transfers and all agents without ideas will be contributing the same amount to the financing
of those transfers. In the last step, we analyze the final incentive compatibility condition that
might limit planner’s ability carry out required transfers: the incentive constraints regarding
the deviation in which the agents without ideas pretend to have ideas. Analyzing that
condition allows us to provide a full characterization of the constrained efficient allocation.

Step 1. si(w,i) =0 for all (w,i) € W x I.

First, suppose for a contradiction that si(w®, i°) > 0, for some (w°,i®) € W x I. Now
define a new allocation (¢, /;,5, S) that is identical to the constrained efficient allocation,
except for

S1(w®i%) = sj(w i) —e,
];71<p71) — kji(p,l)—’—ECwoniO?
Cpnl
~ . . Cwonio 1
Co(w,i,0) = c5(w,1,0)+ € - —Al.
2(w,0,0) = w0+ |5 - A

The new allocation satisfies aggregate feasibility in period one by construction. Remember
that kf(p,1) < k in the constrained efficient allocation. Furthermore, we know from the full
information analysis that the average marginal returns to investment at the full information
level, k, is equal to % Under diminishing marginal returns to capital, these imply that the
marginal returns to investing additional e% units in poor agents with ideas is at least
%ecg’% units, for € small. The loss from saving less is Ae%. Thus, the new consumption
allocation satisfies period two aggregate feasibility condition and the planner might even be
left with some extra resources. In the new allocation, period one consumption levels are
identical to their levels in the original allocation and period two consumption levels increase
by the same amount for all agents. Thus, if the original allocation is incentive compatible,
the new allocation has to be incentive compatible as well. We have just shown that the new

allocation is in the constraint set of the planner and provides all agents with higher welfare



which means the original allocation cannot be constrained efficient, a contradiction.

Step 2. Now, I show that A*(p,1) = A*(r,1). If A(p,1)* > A(r,1)*, then (r,1) lies to
be (p,1) and gets the transfers with higher NPV; therefore, this cannot be true. On the
other hand, if A(p,1)* < A(r,1)*, then one can propose a new allocation with a transfer
system 0 that is the same as 0%, except for 01(p, 1) = 6%(p, 1) 4+ € and d,(r, 1) = 6*(r, 1) — g—pe.
Clearly, this transfer mechanism is a part of a feasible allocation. This new allocation is also
incentive compatible: (r,1) does not lie to be (p,1) since € > 0 is small. Agents without
ideas do not lie to be (p,1) since with original transfers they were not lying to be (r,1)
and the NPV of transfers of (p,1) under the new mechanism is strictly lower than that of
(r,1) under the original transfer mechanism. But in the allocation that is attained by the
new transfer mechanism each (p,1) agent’s utility increases strictly more than e since he
was investment-constrained under §*. The utility of each (r,1) agent decreases by g—’:e and
the utility of agents without ideas do not change. Summing these utility changes over all
agents, we get that the new mechanism brings strictly higher total welfare. As a result, the
original transfer mechanism cannot be constrained efficient, which is a contradiction. Now
that we established A*(p,1) = A*(r,1), by Assumption 5.b and without loss of generality,
we set 07(r, 1) = kj(p, 1) —p and 05(r, 1) = —f(ki(p, 1), 6;). One can similarly show that in
the constrained efficient allocation A*(p,0) = A*(r,0).

Step 3. By aggregate feasibility, agents without ideas have to finance the transfers going
to agents with ideas:

A*(w,0) = — L A*(w, 1), (6)
7o

The only incentive compatibility condition that is left to check is the one regarding devi-
ations in which an agent without an idea lies to have an idea. The planner increases A(w, 1)
until the incentive constraint of the agents without ideas bind. If this incentive constraint
does not bind and A(w, 1) = A is reached, then the planner stops increasing A(w, 1) since
full information efficient allocation has been reached. The incentive compatibility condition
that the allocation that is a candidate to constrained efficiency has to satisfy for all w,w’ is

w+ A, 1)+ =281 4 BA] i AG(w', 1) + w) > —55(w', 1);
—00, if else.

w+A(w,0) > { (7)

Here, the left-hand side of the equation is the utility of truth-telling, whereas the right-
hand side is the utility of lying to be (w’, 1). First, consider the right-hand-side of (7). For
agents without ideas, the benefit of lying to have an idea is receiving the NPV of transfers
agents with ideas receive, which is A(w’,1). There is a cost of lying, too, however. When

(w,0) types lie, they have to set s > %w/’l) in order to have non-negative consumption

in period two. If A(d1(w',1) + w) > —do(w’, 1), the cost of lying is %wl’l)[—l + BA] If
else, that means even if (w,0) agents save all of their net of transfers wealth in period one,
they still cannot generate —dy(w’, 1), which means they have to consume a negative amount
either in period one or period two. In that case, the cost of lying is negative infinity.
Second, consider the left-hand side of (7). When agents of type (w,0) tell the truth,
they pay resources through period one transfers and receive resources through period two
transfers. Thanks to Assumption 5.b, the planner can generate enough transfers from agents

without ideas without making any of them consume a negative amount. Since they are



receiving transfers in period two, agents without ideas do not have to use the wasteful
saving technology when they tell the truth. Hence, the only cost of telling the truth is
paying A(w,0) units in terms of NPV of transfers.

Remember from Lemma 2 that 6f(w,1) = kf(p,1) — p and &(w,1) = —f(ki(p, 1),6,).
Plugging these in A(d;(w', 1) +w) < —da(w’, 1), it follows that kj(p, 1) units of investment
for poor agents with ideas is attained in the constrained efficient allocation if, for any w € W,

we have:
A< f(kf<pu 1)701) '
ki(p,1) —p+w
Alternatively, even if A(d;(w',1) +w) > —da(w', 1), kf(p, 1) units of investment for poor
agents ideas is attained in the constrained efficient allocation if, for any w € W, we have:

AS f(kﬁ(pleel) 7
ki(p,1) —p— A*(w,0)
which follows from plugging Lemma 2 levels of transfers into the first line of (7).

In sum, £f(p,1) units of investment for poor agents with ideas is attained in the con-
strained efficient allocation if and only if it satisfies, for any w € W :

F(k: (v, 1), 8) £k (v, 1), 8)
A<D pre TSR —p- Aw,0)

k} (p,1),61)
H pl) —ptw <%

Hence, k*(p, 1) is attained at the constrained efficient allocation if and only if

F(k: (p.0).00)
A< Eon Ao

efficient allocation if and only if

o (ki (p, 1), 61)
A< ki(p,1) —p—mBf(ki(p,1),01)

Hence, for A < A, as it is defined in Proposition 4, k}(p, 1) = k is incentive compatible. The
feasibility of transfers for agents without ideas follow from Assumption 5.a and 5.b.

To see that for A > A, ki(p,1) is given by A = P )nog( m(ﬁf()kzl()p 77,y first observe that
1\ s/

the expression on the right-hand side of equation (8) is strictly decreasmg in k1. Now sup-
ﬁof(k*(lﬂvl)»el)

P R D—p—Pm ks (o) ]

d which is identical to the constrained efficient one, §*, except for d;(w,1) = df(w,1) + €

and &;(w,0) = 6% (w,0) — Le, e > 0. By Lemma 2, this means the investment level for the

( (p,l)ﬂz)

It follows from Assumption 5.a and aggregate feasibility that £ P R = A (@0) "

Using equation (6), it follows that kj(p, 1) is attained in constrained

(8)

pose for a contradiction that A <

ik Then, define a new transfer system

poor agents with ideas is k;l = ki(p,1) + e. This decreases the right-hand side of equation
(8). However, for e small, equation (8) still holds under the new allocation. Thus, this new
allocation is incentive compatible. It is clearly feasible. Finally, it strictly increases total
welfare since it increases (p, 1) agents’ investment increases. Then, §* cannot be constrained
efficient, a contradiction.

Relaxing Assumption 5.



Assumption 5.a. m; A < ngp.

If Assumption 5.a does not hold, then full information efficient allocation cannot be at-
tained even if A < A. To see this, observe that the total amount of NPV of transfers that
the planner needs to send to agents with ideas is 7;A. On the other hand, by individual
feasibility, the maximum amount of resources that can be taken from a poor agent without
an idea without making him consume a negative amount is p. By incentive compatibility,
that is also the maximum amount that can be taken from a rich agent without an idea.
This means that the total amount that can be transferred from agents without ideas is ngp.
Thus, if Assumption 5.a is violated, it is not possible achieve full information efficiency even
if A < A. In this case, the NPV of transfers to agents with ideas would be given by %.

And if A > A, then constrained efficient level of transfer going to agents with ideas would
be determined by the incentive compatibility condition of agents without ideas holding with
equality, as before. Therefore, the message of Proposition 4 would essentially be unchanged,
only one more case would be added. Since whether full information efficiency is reached or
not is only a side issue to the current paper, I chose to make Assumption 5.a and keep this
extra case out of the paper.

Assumption 5.b. 1, (k —p) <m0 >, Cuw.

In step 2 of the proof of Proposition 4, without loss of generality, we set d;(r,1) = §;(p, 1)
for t = 1,2. With this restriction on the allocation, the planner needs to raise 7; (k—p) units of
resources to transfer to agents with ideas in period one. Assumption 5.b. ensures that if the
planner collects all the wealth of agents without ideas in period one, 19 ) (,w, that would
be enough to finance the transfers to agents with ideas, n;(k — p). Without this assumption,
under the restriction of 6;(r, 1) = §;(p, 1) for t = 1,2 on allocations space, we cannot reach
full information efficiency even if A < A. Again since whether full information efficiency is
reached or not is only a side issue to the current paper, I chose to make Assumption 5.a and

keep this extra case out of the paper.

E Proof of Corollary 5
For all w € W,
A%(w,1) = ki(p,1) —p — Bf(Ki(p, 1), 61). (9)
If A< A, then ki(p,1) = k, and A*(w,1) = A > 0, by Assumption 4. If A > A, then the
implicit equation giving ki (p, 1) implies that

> Uoﬁf(kf(f% 1)701)7

where the inequality follows from Assumption 1, that is A8 < 1. Then, collecting all the
terms to the left gives

A*(w,1) = ki(p,1) —p — Bf(ki(p,1),0,) > 0.



F Proof of Proposition 7

Since the allocation described attains productive efficiency, we only need to check that it
is incentive compatible and satisfies aggregate and individual feasibility conditions with no
agent consuming a negative amount. Incentive compatibility directly follows from the fact
that the NPV of transfers is zero for each agent. Aggregate and individual feasibility is by
construction. That each agent consumes a non-negative amount in any period is obvious
except for (p, 1) agent in 6, state. So, we need to show that d(p, 1,80,) > —f(k, 0;).

For a contradiction, suppose that &y(p,1,0,) < —f(k,8,). By construction, d5(p,1,6;)
satisfies

k—p+ Bl—f(k,60) + pnda(p, 1,6,)] = 0.

Therefore, we get: ~ B B
k—p> BIE{0}g(k) + (1 — k)E]. (10)

Remember that the first-order condition that gives k is:
1= Blg' (k) E{0} + (1 — k).
Multiplying both sides by k and then subtracting p from both sides gives
k—p=Blg'(WkE{0} + (1 — r)k] — p.
Concavity of the function g(-) implies ¢'(k)k < g(k). This, with p > 0, imply that
k—p < Blg'(H)kE{O} + (1 — K],

which contradicts with (10).

G Proof of Proposition 8

Suppose for contradiction that the constrained efficient allocation can be achieved. Then,
bi(p,1) < —(k—p). Due to linearity of preferences, R = 1/3. Thus, c(p, 1,60;) < Ql%a—% <
0, by Assumption 3. But this cannot be an optimal choice for the agent since the agent could
do better just by setting b1(p, 1) = 0. Thus, we have a contradiction.

H Proof of Proposition 9

Now I construct a market equilibrium where R = 1/ and agents with ideas invest at their
corresponding constrained efficient investment level.
Under the specified taxes, an agent faces the following problem:

Agent’s problem with taxes.

max u(cy) + 0 Z prou(cap)
0

c,k,b,s



athitbhtss { w — %A*(w, 1), if else,

Cog S f(kl, 9) + Rbl -+ ASl,
s1, k1 > 0.

First, consider an agent who has an idea in period one. If a poor agent with an idea
chooses by < =3 f(ki(p,1),6;), she chooses ky = ki(p,1) and by = p — kf(p,1) + A*(w, 1) =
—Bf(ki(p,1),0,). Suppose for contradiction that this is not true. Then, there is (k{, b}, s}),
where (ki,s]) # (k(p,1),0), which gives strictly greater utility to the agent. s} = 0 follows
immediately from the fact that the return to bonds is strictly greater than the risk-free
return; hence, it has to be that k7 # ki(p,1). Then, define a new allocation with transfers

O (w, 1) =k — p, 8w, 1) = =22 and (8 (w, 0), 0 (w, 0))wew such that A'(w,0) =
—1m /noA’(w, 1) and individual consumption levels are non-negative. (p, 1) chooses (k{,b}) in
the market, implying that she chooses k] in the planner’s problem when she faces ¢’. The only
thing left to check is incentive compatibility. That holds because of the way in which the new
allocation is constructed, A™(w, 1). Therefore, this new allocation is incentive compatible
and feasible, keeps the welfare of (w,i) # (p,1) unchanged compared to the constrained
efficient allocation, and provides strictly greater welfare than the constrained efficient level
for poor agents with ideas. This means that the new allocation is an improvement over the
constrained efficient allocation, a contradiction.

Similarly, one can show that when by(r,1) < —pf(k{(p,1),6;), (r,1) agent chooses to
invest at the constrained efficient level, k.

Now we need to show that agents with ideas choose by < —5f(kj(p,1),0;). The utility of
(w, 1) type when she chooses by < —3f(ki(p,1),6,), is:

w + A*(w> 1) - k‘i‘(u% 1) - bl(w7 1) + BZNe[f(kT(w’ 1)79) + bl(wv 1)/5]
[4

—w e A, 1) = ki (w, 1) + B3 paf (ki (w,1),6). (11)
6

On the other hand, if an agent with an idea chooses b; > —3f(k7(p, 1), 0;), then, letting her
optimal choices be k;(w, 1), by(w, 1), her utility would be:

—w— %A*(w,l) — (w0, 1)+ 8 pof (ky(w, 1), 6). (12)
0 0

The difference between the maximized values of (w, 1) agents’ problem in the market under
by < —Bf(ki(p,1),0,) and under by > —Ff(k{(p,1),0,) then is given by subtracting (12)
from (11) :

A*(w, 1) n

o [_kiﬂ(wa 1) + B Z MGf(k;I(wa 1)7 0)] - [_];1(107 1) + Z :uef(lzjl(w’ 1)7‘9)] (13)
0 0



Given that k maximizes the function —k + 85", o f(k,6), it is obvious that this difference
is strictly positive for (r,1). For (p,1), under by > —Bf(ki(p,1),6)), ki(w,1) < ki(p,1) < k.
This, combined with the fact that the function —k + 3, po f(k, 0) is strictly increasing in
k, for k < k, implies that the expression in (13) is also strictly positive. Hence, we showed
that agents with ideas act according to the constrained efficient allocation in the market.
Now consider agents who do not have an idea in period one. If they choose b; <
—Bf(ki(p,1),0,), then co(w,0) < —f(ki(p,1),0,) + Asi(w,0). To keep consumption non-

f(ki(p,1),0
) Z 1 1 L

negative, s;(w, 0 ) Since A < Bt these agents will invest as little as possible

in risk-free technology. This implies they choose by = —fSf(ki(p,1),6,) and s;(w,0) =
—f(kf(i’l)’el). The utility then is w + A*(w, 1) + Bf (k5 (p, 1),0,) — —f(k{(i’l)’al).

When an agent with no ideas chooses by > —3f(ki(p,1),0,), she sets s; = 0 and chooses
the constrained efficient allocation. The utility she gets is w — EA*(w, 1).

We need to show that, for agents without ideas, utility under by > —gf(ki(p,1),0,) is
greater than utility under b; < —gf(k{(p,1),0,). The difference is equal to

w — %A*(w, 1) — [w+ A*(w, 1) + Bf (ki (p, 1),6,) — w]
- #:U’l) — F(ki(p,1),0,)(8 — 1/A)
:0’

where the last inequality follows from A = o 1)77_01{ (_kgl(g}l()é’(; AR
) )0

Market clearing and government budget balance conditions are immediate from the fact
that the constrained efficient allocation satisfies aggregate feasibility and has non-negative
consumption for all agents.



